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Abstract: The computer analysis of induced axial pseudocontact shifts involves assessing goodness of fit between calculated 
and observed shifts. Calculated shifts may be obtained from assumed substrate structures which contain small random coor­
dinate errors. Proceeding from the assumption that the coordinate errors are normally distributed, equations are derived 
which give expectations, variances, and fractional errors of individual and relative shifts. Hypothetical structures are exam­
ined to determine the effects of coordinate error on shift calculations. Results allow limits to be placed on the accuracy of 
calculations and make possible the partition of systematic and random errors. 

The study of molecular structure through the analysis of 
lanthanide-induced pseudocontact shifts in NMR spectra is 
now a well established technique which has been successful­
ly applied to many systems.2-4 The technique involves rela­
tively straightforward experimental procedures and offers 
means to obtain structural insights which are difficult, if 
not impossible, to obtain in any other way. Comparisons be­
tween shift reagent studies and much more precise x-ray 
analyses of molecular structure are natural, for the two 
methods share goals and general concerns. The problem of 
resolution in x-ray analysis has a parallel in shift reagent 
studies. Inevitably, shift reagent methods will be directed 
toward increasingly more difficult questions. It will be of 
value to know just how far the technique may be pressed 
and to know when the limits have been reached. Analyses of 
lanthanide-induced pseudocontact shifts incorporate some 
unique features. Sources of error are varied, and it is not 
clear what their ultimate effects are. In order to quantify 
these effects, we have begun an examination of error propa­
gation in pseudocontact shift analyses, and in this article 
treat the axially symmetric case. 

In outline, pseudocontact shift analyses proceed in the 
following way.5'6 A structure of the substrate is assumed 
(one of perhaps several alternatives), and a position for the 
lanthanide ion in the shift reagent-substrate complex is 
found for which the calculated relative shifts, viQ, best cor­
respond to those observed, c10, in an N M R experiment. It is 
usually adequate to describe the lanthanide-induced shifts, 
A;;,-, in terms of an "axial" relationship,7-12 

A, = K ( ^ P 1 ) (1) 

where Ai>,- is the shift calculated for the ith resonance, R( is 
the distance from the lanthanide ion in the complex and the 
z'th nucleus, 0,- is the angle between the effective magnetic 
axis (often along the lanthanide substrate bond) and the ra­
dius vector to the nucleus, and AT is a constant. Relative 
shifts are the ratios of observed shifts with one chosen as a 
standard. The quality of the correspondence (fit) between 
calculated and observed relative shifts may be assessed with 
the aid of the R factor,13 

L 2HVJM(T J 
where w, is a weighting factor usually taken as unity, and 
the summation index, /', ranges from 1 to n which is the 
number of shifts included in the analysis. The R factor is a 
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convenient summary statistic which approaches zero as the 
fit improves, and additionally has applications in comparing 
alternative calculations. Hamilton13 developed a ratio test 
used to determine whether or not two R factors, derived 
from alternative parameterizations, are significantly differ­
ent. In the test, if the ratio of the ./? factors exceeds a tabu­
lated significance point, the R factors are different at a 
stated confidence level. Wilcott and Davis5 have used this 
test to evaluate LSR calculations with excellent success. 
The overall goal of the calculations is to confirm the as­
sumed substrate structure. The assumed structure which 
gives the best fit of calculated to relative shifts is the pre­
ferred structure. 

The assumed substrate structure plays a central role in 
these calculations. Errors in the substrate coordinates used 
to calculate relative shifts will be reflected in errors in the 
shift values obtained. Some level of coordinate error is un­
avoidable. Among sources of molecular coordinates are 
x-ray structure analyses which may specify the position of a 
nucleous to within 0.01 A. Hydrogen nuclei are not so accu­
rately placed and errors may be 0.05 A for these small 
atoms. When substrate atom coordinates are derived from 
molecular models, larger error levels must be expected. 
Though very accurate measurements of the models are pos­
sible, design limitations may result in errors as high as 0.1 
A, or higher, depending upon the modeling system used. 

Effects of various errors on the overall calculation have 
been examined, and some very elaborate calculation tech­
niques have been employed.1214 The effects of random 
coordinate error on the accuracy of individual shift calcula­
tions have not been reported, however, and no relationships 
yielding the variances of calculated shifts have appeared. 
Such relationships will allow more realistic assessments of 
fit, and provide the means to develop expressions for the 
weighting factors13 to be used in the R factor (eq 2). 

In order to determine the effects of coordinate error on 
pseudocontact shift calculations, we have devised computer 
experiments designed to examine them. Equations for ex­
pectations and variances of shifts were derived. We obtain 
through computer experiments average shifts, standard de­
viations, and distributions of shifts for three levels of coordi­
nate error (0.01, 0.05, and 0.1 A) to test and verify the de­
rived relationships. We find that, though calculation errors 
are often small, they are not always small and may exceed 
errors of measurement. Expressions for the variances and 
fractional errors of relative shifts are presented with exam­
ple calculations. The sensitivity of residuals, (K,0 — VJC), to 
parameters of structure (angle and distance) is discussed, 
taking into account the errors of shift calculation. Finally,it 
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Figure 1. Cubical hypothetical molecules. Calculated relative shifts are schematically represented in line spectra. 

is suggested that the sum of squares of residuals may be a 
useful fitting statistic. Making use of a result from statis­
tics, the variances of shifts are shown to yield the expecta­
tion of that sum at best fit. 

Classification of Error 

Coordinate error in this paper is considered throughout 
to be normally distributed. That is, the distribution func­
tions, g, for the atom coordinates are given by15 

g« = N(vxt.cx) = 7 7 = U - exp [-V2 ( 1 ^ ) 2 ] (3) VTi <yx 

where m is the expectation of the coordinate (x, y, z) of the 
ith atom, and ax is the standard deviation of the error. cx is 
taken to be the same for all coordinates. 

Experimentally determined relative shifts are also consid­
ered normally distributed about an expectation m0, with 
standard deviation, <x,0, for the ith relative shift. The value 
of (7,o is not usually the experimental error associated with a 
single determination of a relative shift. Generally, averages 
of several observations are included in the determinations of 
/u,o-16 If A, is the error of measurement for each relative 
shift, and n measurements are included in the average, then 
cr/o = ^i I Vn. 

It is convenient to classify error components. We will ar­
bitrarily refer to sources of error which are reflected in 
changes in standard deviations as "random", and to errors 
which contribute to changes in expectation value as "sys­
tematic". Many systematic errors are, of course, of random 
origin, and in the event of a calculation, both systematic 
and random errors have similar effects. Systematic errors, 
however, may have nonrandom origin. A systematic error in 
coordinates would be the result of an erroneous placement 
of an atom (or groups of atoms) in a molecule which is alto­
gether independent of the accuracy with which the sup­
posed position may be determined. Misplacement of the 
lanthanide ion in the complex constitutes a systematic error. 
Contact shift contributions to the observed shifts will ap­
pear as systematic errors in a pseudocontact shift analysis. 
There are many possible sources of systematic error. In gen­
eral, systematic errors cause the expectations of residuals, 
(too — toe), to be nonzero. We discuss some aspects of this 
component of error, but our primary effort, is directed 
toward defining the effects of random coordinate error. 

Calculation Method 
Two different arrangements of hypothetical atoms were 

used in the computer experiments. The first was a quarter 
circle of points in the zx plane equidistant from the origin, 
which was taken as the paramagnetic center. Several dis­
tances were chosen, all with the principal magnetic axis di­
rected along the z axis (0 = 0°). Shifts were calculated 
using eq 1 (with K= 1) for the points located at 5° inter­
vals from O to 90°. The second arrangement was a unit (1.0 
A) cube placed at the origin with the paramagnetic center 
located 3.5 A from the origin on the —z axis. Two cubical 
cases were considered; case A having the principal magnetic 
axis directed along the z axis, and case B with the principal 
axis directed along a line 39.7° from the z axis in the — zx 
plane. In Figure 1 the two cases are drawn along with sche­
matic representation of the calculated shifts. 

The initial coordinates of the (hypothetical) atoms were 
read directly from the figures, or calculated using a Carte­
sian coordinate program (CART). Quantities of interest 
were calculated and added to summation registers. Shifts 
were calculated by eq 1 with R and 6 obtained from the 
coordinates of the figures. 

Coordinate error was introduced by adding a computer-
generated normal random deviate to the initial x, y, and z 
coordinate for each atom except the paramagnetic center.17 

The normal random deviates have a specified standard de­
viation, cx, and zero expectation. Quantities of interest 
were calculated using the new coordinate set and added to 
the appropriate summation register. The cycle is then re­
peated. Each new coordinate set is obtained by adding ran­
dom error to the original coordinates in order to avoid ran­
dom walk problems. One-thousand iterations have been 
found sufficient to obtain averaged quantities to three sig­
nificant figures. 

Average Shifts and Variances 
If H(x\, X2, . . .) is a function of the set of random vari­

ables (x,), an estimate of the expectation of H, E(H), 
is 

18,19 

E(H)-H(^, H2,...)+ 'hll ( ^ ) (4) 

where the equation is evaluated at the set of expectations, 
\m\, of the random variables, and the quantities <r,-2 are 
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Table I. Average Calculated Shifts, Av, Variances, a1, and Fractional Errors,/, for Three Levels of Coordinate Error as Functions of Angle0* 

0 
10 
20 
30 
40 
50 
55 
60 
70 
80 
90 

AKX 102 

3.12 
2.98 
2.58 
1.95 
1.19 
0.375 

-0.0195 
-0.390 
-1.01 
-1.41 
-1.56 

<jx = 0.01 A 

a2 X 108 

4.9 
4.5 
4.0 
3.1 
2.2 
1.4 
1.2 
1.0 
1.0 
1.2 
1.4 

// X 102 

0.708 
0.714 
0.776 
0.899 
1.23 
3.18 

55.8 
2.63 
0.996 
0.786 
0.758 

AvX 102 

3.12 
2.98 
2.58 
1.96 
1.19 
0.380 

-0.0157 
-0.386 
-1.01 
-1.42 
-1.57 

ax = 0.05 A 

(72X 106 

1.2 
1.1 
1.0 
0.78 
0.54 
0.36 
0.30 
0.26 
0.26 
0.32 
0.35 

fix 102 

3.54 
3.58 
3.89 
4.52 
6.16 

15.7 
346.6 

13.3 
5.03 
3.95 
3.79 

Av X 102 

3.11 
2.97 
2.57 
1.96 
1.20 
0.885 

-0.011 
-0.381 
-1.01 
-1.42 
-1.57 

ax = 0.1 A 

a2 X 106 

4.8 
4.5 
4.1 
3.2 
2.2 
1.4 
1.2 
1.1 
1.1 
1.3 
1.4 

/• x io2 

7.08 
7.19 
7.84 
9.09 

12.3 
31.0 

1020 
27.1 
10.2 
7.96 
7.64 

" For these calculations, A" in eq 1 is set equal to unity. b R = 4.0 A for all shifts. 

their variances. An estimate of the variance of H, V(H), is 
given by, 

/dH\2 
V(H) = E 

\dXi/ 
(5) 

and this equation is also evaluated at the set of expecta­
tions, \w\. 

Equations 4 and 5 may be used to derive estimates for the 
expectations of pseudocontact shifts and their variances. 
Random variables, R(x) and 8(y), are defined as 

R(x)i = Ri + x 

6(y)i = 8i+y (6) 

where Rj and 0,- are the expectations of distance and angle 
used in eq 1. x and y are normally distributed random in­
crements with zero expectation and standard deviation Gx 

and ay, respectively. 
Assuming that 

ay = sin ' (ox/R) ca (JxIR (7) 

and making the appropriate substitutions in eq 4 and 5, we 
obtain 

— tf(3cos20, - 1) 

' ~ R7 

, T^4 + ̂ W^nj^y (g) 
and 

<r,2 ~ 9 (J^1Y [4 cos2 0,- sin2 0,- + 

( 3 c o s 2 0 , - - l ) 2 ] ( ^ ) 2 (9) 

These equations indicate functional relationships which are 
observed in the calculated averages and variances and pro­
vide good estimates of these quantities. 

Table I lists average shifts and variances as functions of 
angle, obtained by averaging 1000 calculations. Average 
shifts are essentially the same as those given by eq 1 for 
static atoms with distance and angle given by Ri and 0,-. 
Coordinate error levels were relatively small for all the cal­
culations (crx = 0.01, 0.05, and 0.1 A). If error levels were 
larger than those used, or if the coordinate error were not 
symmetrically distributed, differences between static atom 
and averaged shift calculations would be more noticeable. 
Variances listed in Table I are in overall agreement with the 
estimates provided by eq 9. The variances exhibit the ex­
pected dependence upon angle (Figure 2). Fractional errors, 
ft, are given by the relation/- = Oi/Avi, and observed values 

9O1 

Figure 2. Angle dependence of shift variances, a2. The solid curve is a 
plot of eq 9, and the open circles are variances obtained from averages 
of 1000 calculations (R = 4.0 A, ir» = 0.1 A). 

are listed in Table I. These quantities are functions of angle 
and a relationship may be obtained by dividing the square 
root of eq 9 by eq 1, as, 

ft •[ 
36 cos2 0, sin2 0, 

(3 cos2 0, - I ) 2 + 9 ]"'©-c<0 «°> 
This relation increases without bound near 54.7° (the 
"magic angle") where the shift value given by eq 1 is zero. 
The behavior of eq 10 near the magic angle is due in part to 
the approximations of eq 5. Fractional errors of small shifts 
probably have an effective upper bound. Computer-generat­
ed values, however, closely follow eq 10. In Figure 3, f 
values taken from Table I are plotted as functions of angle. 

The fractional error represents that level of error which 
will exceed 70% of errors calculated, if the errors are nor­
mally distributed. Equation 10 predicts, and calculations 
confirm, that errors of shift calculation increase dramati­
cally as the magic angle is approached. This is a conse­
quence of the fact that while the shifts given by eq 1 ap­
proach zero, the standard deviations do not. Variances for 
shifts of resonances of atoms near 54.7°, and larger angles, 
are less than those calculated for small angle shifts (Figure 
2), and therefore, absolute errors of calculation for large 
angle shifts are somewhat smaller than those for shifts of 
resonance of atoms near 0°. The largest and smallest vari-
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O.I 

Figure 3. Fractional er ror , / , plotted as a function of angle. The solid 
line is a plot of eq 10, and the open circles are fractional error values 
taken from Table I (R = 4.0 A, ax = 0.1 A). 

Table II. Average Relative Shifts, i/ic, Calculated for the Cubical Hy­
pothetical Molecules (Figure 1) with Coordinate Error Level ax = 0.1 
A, and Fractional Errors 

Atom 

1 
2 
3 
4 
5 
6 
7 
8 

" / C 

1.0 
0.786 
0.630 
0.784 
0.407 
0.470 
0.406 
0.353 

Case A 

fia 

0.0857 
0.0860 
0.0868 
0.0860 
0.0667 
0.0667 
0.0667 
0.0670 

F,b 

0.1214 
0.1220 
0.1214 
0.1086 
0.1086 
0.1086 
0.1088 

X(C 

1.0 
-0.0471 
-0.107 

0.736 
0.393 
0.474 
0.0749 
0.0433 

Case B 

f." 

0.138 
1.722 
0.655 
0.152 
0.114 
0.108 
0.506 
0.816 

F" 

1.728 
0.669 
0.205 
0.179 
0.175 
0.524 
0.828 

Calculated using eq 10. b Calculated from eq 12. 

ances calculated at a particular distance differ by about a 
factor of 5. 

The pseudocontact shift equation tends to magnify coor­
dinate error. At 4.0 A (Table I), an 0.1 A coordinate error 
may amount to 2.5% error in the distance parameter R. 
This produces a fractional error at 0° of 7.1% in calculated 
shifts and larger percentages at higher angles. At greater 
distances calculation errors are less, following eq 10. At 8.0 
A the same coordinate error yields 3.5% error in calculated 
shift, while at 16.0 A the error is 1.7% when the angle is 0°. 

Relative Shifts 
Average relative shifts, j>,c, and fractional errors for the 

shifts, fj, and relative shifts, F/, were calculated for the cu­
bical molecules pictured in Figure 1. The results paralleled 
the findings for individual shifts. Examples are given in 
Table II for coordinate error at ax =0.1 A. Average rela­
tive shifts are essentially those obtained from static atom 
calculations. In Figure 4, distributions of relative shifts ob­
tained when ax = 0.05 A are presented. To a good approxi­
mation, normally distributed coordinate error yields nor­
mally distributed relative shifts. 

Variances of relative shifts, <r,c
2, are dependent upon 

shift variances given by eq 9. An equation relating them, 
developed from eq 5, is20 

ff/c' -mw+m-^ + fs2) 

(11) 

where / and s refer to the j'th and standard shift, respective­
ly. Equation 11 may be used, with appropriate substitu­
tions, to calculate the variances of experimentally deter­
mined relative shifts. Values of fractional errors, /}, of in­
duced shifts calculated from eq 10 are given in Table II. 
Fractional errors of relative shifts, F,-, may be defined as, 

F , = ^ = ^ 2 + / s
2 ] ' / 2 

fie 
(12) 

Fi values also reflect the magnification of coordinate error 
noted previously (Table II). 

Residuals 
Coordinate error has the effect of softening the analysis 

of structure using pseudocontact shift data by increasing 

JjJ 

Ji 

Figure 4. Distributions of relative shifts for the cubical molecule when 
ax = 0.05 A: (a) case B, atom 2; (b) case B1 atom 7; (c) case A, atom 
5; (d) case A, atom 2. Horizontal lines indicate standard deviations. 

the errors involved in comparison of observed and calculat­
ed shifts. In such comparisons, if the residuals, (v,0 — i»,-c), 
are within limits defined by the standard deviations of the 
quantities, then the calculation is deemed successful. For 
normally distributed observations and calculations, the re­
siduals are also normally distributed, N[(m0 — mc), (o"<o2 + 
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3.0 

4.O 6.O 
R 

Figure 5. Plot of D (see text, eq 13) as a function of (a) angle and (b) distance for two shifts (ax = 0.1 A). 

Table III. Systematic Error Contributions to the Sum of Squares 

E(d2) 
Za2 

Diff 

Gx 

IB 

3.81 X 10"4 

3.79 X 10"4 

= 0.0 A 

IIB 

3.57 X 10"2 
0.0293 X 10-2 

3.54 X 10-2 

IB 

9.40X 10"3 

9.40X 10"3 

Ox = = 0.05 A 

UB 

4.25 X 10-2 
0.73 X 10-2 
3.52 X 10-2 

Cx 

IB 

3.73 X 10-2 
3.65 X 10-2 

= 0.1 A 

IIB 

6.37 X 10"2 
2.84 X 10"2 
3.53 X 10-2 

Cic2)1''2]- The limits of acceptability are ±(<r;0
2 + (7/c

2)'/2, 
a quantity that includes both errors of measurement and 
calculation. The contribution due to errors in coordinates is 
often small, but need not be. Indeed, errors in calculated 
relative shifts may be larger than errors of measurement. 

It is possible to assess the significance of individual resid­
uals by considering the ratio, D, as 

D = 
ViO ~ Vic 

(13) 

This ratio will approach zero as the calculated relative shift 
nears the observed. In a successful calculation, the value of 
D will be given by, 

D<Dm = 
V g 1 0

2 + ffi . Z 
(14) 

The sensitivity of a particular residual to substrate struc­
ture (and to metal ion position) is a function of both the 
structure dependence of the calculated shift, e/c, and Dm. In 
Figure 5a, D is plotted as a function of angle for two cases. 
Two hypothetical shifts are considered, one having an angle 
parameter of 25° and the other 45° (both are for distances 
of 4.0 A). Only errors of calculation are included, and the 
minima of the curves are determined by Dm. In a successful 
calculation, the value of D will be below Dm. The range of 
angles for which this condition applies is a measure of sensi­
tivity, the wide range being the less sensitive. In the case of 
the 25° shift, errors limit the definition of the angle to 25.0 
± 4.0°, while for the 45° shift, the angle parameter is de­
fined as 45.0 ± 1.5°. Shifts for which the angle parameter 
is near the "magic angle" are more sensitive to angular po­
sitions in spite of larger fractional errors of calculation. 

In Figure 5b, D is plotted as a function of distance for the 
same two shifts. Since both these shifts are for distances of 
4.0 A, the R dependence of D is the same for both, and the 
25.0° shift is the most sensitive. 

Systematic Errors 

If the residuals, (e,0 — vic) 
N[(U0 - V10), (<T,0

2 + <T/c
2)'/2 

their squares are given by 

E(vio - "ic)2 = (M/o - Hie)2 + T/o2 + tf,c2 

The expectation for the sum of squares, S,(c,0 — vic 

are normally distributed 
then the expectations of 

(15) 

c21 

E [ E (vio - ^ c ) 2 J = Z (Hlo - Hie)2 + E (<T,o2 + ff/c2) 

(16) 
This relationship represents a factoring of systematic and 
random error as defined in this paper. At best fit, when (m0 

— Vic) = 0 for a l l ' . the expectation will be equal to the sec­
ond term only. Not best fit sums, when (m0 — mc) ^ 0, will 
include contributions from both terms. Since the quantity 
2,(<7<o2 + <r;c2) may be calculated for best fit and not best 
fit cases, contributions to the overall sum of squares due to 
systematic errors may be estimated. 

Table III lists the ults of calculations illustrating eq 15. 
In the table, E(d2) are average values of the sum of residu­
als obtained for the cubical structures designated IB and 
HB at three levels of coordinate error. Structure IB is pic­
tured in Figure lb, and is a best fit case. Structure HB is 
the same except that the magnetic center is 3.7 A from the 
origin rather than 3.5 A. Sums of variances, Xa2, were also 
calculated. Within the accuracy of the calculation, the dif­
ferences between these numbers are constant. These differ­
ences are measures of systematic error. For the IB structure 
(a best fit case) the differences are zero. In the case of the 
IIB structure, the differences are the same for each level of 
coordinate error. At the error levels used in these calcula­
tions, systematic error is essentially independent of <xv. 

Systematic error presents unique problems in pseudocon-
tact shift analyses. If it originates from contact shift contri­
butions, say, then it may be recognized through the diffi-
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culty in fitting calculated with observed shifts for some but 
not all resonances. Other sources of systematic error, how­
ever, may not be so obvious. Ammon and coworkers14 re­
ported an interesting calculation in which they lengthened 
the carbon-hydrogen bonds of the assumed substrate struc­
ture. They found that fits were obtained, albeit at higher 
/?-factor values, at slightly increased lanthanide-substrate 
bond distances. The effect, they reported, is much like an 
expansion of scale of the molecule. Equation 16 provides a 
means to examine the effects of systematic error from these 
and other sources.22 

Conclusions 
There are errors of calculation in the analysis of pseudo-

contact shift data which arise out of unavoidable uncertain­
ties in molecular coordinates. Random coordinate error is 
magnified in calculation of relative shifts, and errors of shift 
calculation may be larger than errors of measurement. The 
practical consequence of this, however, varies with the sit­
uation. When an accurate x-ray analysis is the source of 
molecular coordinates used in pseudocontact shift calcula­
tions, errors of calculation are likely to be small. If the 
choices to be made with the help of the shift calculation in­
volve structures that are substantially different, then shifts 
for the various choices will be widely separated so that 
small adjustments will have no effect. 

Errors of calculation will be important in pseudocontact 
shift analyses when the distinctions to be made involve 
closely related structures, or yield R factors whose ratio is 
only just significant. Such situations may arise in studies of 
molecular conformation or conformational mixing. Careful 
consideration of the effects of coordinate error on the accu­
racy of the calculations should accompany such studies, 
particularly when the source of substrate coordinates are 
molecular models. Though random errors in atomic coordi­
nates cannot be entirely eliminated, effects of the errors on 
shift calculations can be recognized. 

Variances and fractional errors of calculation for lan-
thanide-induced pseudocontact shifts and relative shifts 
may be estimated using equations developed in this paper. 
These quantities will allow the assessment of the effects on 
shift calculations of random coordinate error in the as­
sumed substrate structure. More realistic limits of accuracy 
may be placed on the residuals. The sensitivity of a particu­
lar residual to parameters of structure is a function of the 
standard deviation of the residual and its angle and distance 
dependence. The overall effect of random coordinate error 
on a calculation, will, therefore, be dependent on the con­
text. Error magnitudes suggested by calculations in this ar­
ticle, however, indicate that it is unwise to routinely dis­
count coordinate uncertainties. 
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